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Abst rac t - - In  this paper, we obtain some xistence r sults of equilibrium problems with lower and 
upper bounds by employing a fixed-point theorem due to Ansari and Yao [1] and Ky Fan Lemma [2], 
respectively. Our results give answers to the open problem raised by Isac, Sehgal and Singh [3]. 
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1. INTRODUCTION 
Let K be a nonempty subset of a Hausdorff topological vector space X and let F be a real 
bifunction on K x K. The equilibrium problem is to find an ~ E K such that 
F(~, y) > 0, for all y E K. 
The equilibrium problem includes many fundamental mathematical problems, e.g., optimization, 
saddle point problem, fixed-point problem, economics, complementarity problems, variational 
inequality problems, mechanics, and engineering, as special cases. Consequently, the equilibrium 
problem has been extensively studied in the literature. See, for example, [4-18]. 
In [3], Isac, Sehgal and Singh raised the following open problem which is closely related to 
the equilibrium problem. Given a closed nonempty subset K in a locally convex semireflexive 
topological vector space, a mapping F : K x K , R, and two real numbers ~ < f~, it is 
interesting to know that under what conditions there exists an ~ E K such that 
a < F(~, y) < f~, for all y E K. (1) 
Very recently, Li [19] gave some answers to the open problem (1) by introducing and using the 
concept of extremal subsets. Our aim in this paper is to derive some more results in answering 
the open problem (1) raised by Isac, Sehgal and Singh. Our method will be totally different from 
the one used by Li in [19]. In fact, we shall derive some more results of problem (1) by employing 
a fixed-point result due to Ansari and Yao [1] and the Ky Fan Lemma [2], respectively. 
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2. MAIN  RESULTS 
Throughout  his section, let X denote a Hausdorff topological vector space. For a nonempty 
subset A of X,  let co(A) denote the convex hull of A, and cl(A) denote the closure of A. 
Now, we first use a fixed-point heorem due to Ansari and Yao to give a solution of problem (1). 
To state Ansari and Yao's theorem, we need the definition of the inverse of a multivalued map. 
A multivalued map T : X ~ 2 x induces a multivalued map T -1  on the range of T defined by 
x E T - l (y ) ,  if and only if y E T(x).  
THEOREM 2.1. (See [1].) Let K be a nonempty convex subset of X ,  and let S, T : K 
two multivalued maps. Assume that the £ollowing conditions hold. 
(i) 
(ii) 
(iii) 
,2  K be 
For each x • K ,  co(S(x)) C T(x) and S(x) is nonempty. 
K = fK  S - I (Y )  • 
I f  K is not compact, assume that there exists a nonempty compact convex subset D 
of K and a nonempty compact (not necessarily convex) subset B of K such that for each 
x • K \B ,  there exists ~ • D such that x • fK S-I(Y)" 
Then there exists xo E K such that Xo E T(xo). 
THEOREM 2.2. Let K be a nonempty convex subset of X ,  and let a, ~3 E R with a <_ ft. Assume 
that F, G1, and G2 are real bifunctions on K x K satisfying the following conditions. 
(i) Gl(X,X) >_ a and G2(x,x) <_ fl, for all x • K.  
(ii) For every x • K and for every nonempty finite subset A of K ,  
A C {y • K : F (x ,y )  < a or F (x ,y )  > ~}, 
==~ co(A) C {y • K :  Gl(x ,y)  < a orG2(x ,y)  >/3}. 
(iii) For each y • K ,  the set {x • K : a < F(x,  y) <_ 8} is closed in K .  
(iv) There exists a nonempty compact convex subset D of K and a nonempty compact subset B 
of K such that {y 6 D : F(x,  y) < a or F(x,  y) >/3} is nonempty t'or each x • K \B .  
Then there exists • E K such that a < F(~, y) </~, for each y • K.  
PROOF. Let S, T : K ~ 2 K be defined by 
and 
S(x) = K \{y  • K : a <_ F (x ,y )  <_/3} 
T(x)  = {y E K : G l (x ,y)  < a} U {y E K : G2(x,y) > 13}. 
Suppose on the contrary that  the result of the theorem is not true. Equivalently, S(x) is 
nonempty for every x E K.  Condition (ii) implies that co(S(x)) c T(x)  for every x E K.  By 
definition, we have 
K:  U S-I(Y)" 
yEK 
Note that  by Condition (iii), the set S- l (y )  is open in K for every y E K.  Now, Theorem 2.1 
shows that  there is an x0 E K such that xo E T(xo). This contradicts Condit ion (i). The proof 
is complete. 
REMARK 2.1. In Theorem 2.2, if G1 and G2 are identically equal to F ,  then Condit ion (i) implies 
that  ~ < F(x,  x) < ]3 for all x E K,  and Condition (ii) implies that  for every x E K,  the set 
{y E K : F (x ,y )  < a or F(x ,y )  > j3} is empty or is a convex subset of K ,  and {y e K : c~ _< 
F(x,  y) <_ ~3} is an extremal subset of K by [19, Corollary 2.4]. 
Equilibrium Problems 329 
If, in addition, there is a compact convex subset K0 of K such that 
N {x • g :~ < F(x,y)  < Z} 
yEKo 
is contained in a compact subset of K, then Theorem 2.2 is reduced to [17, Theorem 3.1]. 
The following theorem will also give a solution of problem (1), which is based on the Ky Fan 
Lemma. 
THEOREM 2.3. Let K be a closed convex subset of X,  and let F and G be real bifunctions on 
K x K. Assume that the following conditions hold. 
(i) For x, y • K,  a <_ G(x,y) <_ j3 ~ a <_ F(y,x)  <_ j3. 
(ii) For each nonempty fin/re set A C K and for every E C A with 0 ~ E ~ A, 
(iii) 
rain max G(x, y) > a or 
yEco(A) xEE 
For each nonempty finite set A C K, 
rain max G(x, y) > a and 
yEco(A) xEA 
max rain G(x,y) < [3. 
9Eco(A) xEA\E 
max min G(x, y) < [3. 
yEco(A) xEA 
(iv) For each x • K, the set {y • K : a < F(y, x) <_ [3} is dosed in K.  
(v) There exists a nonempty compact convex subset D of K such that either 
(a) {~ • D:  F(y, ~) < ~ or Y(y, ~) > [3} ~ 0 for each y • K \D ,  or 
(b) K \D  C {y • K : G(xo, y) < a or G(xo, y) > [3} for some x0 • D. 
Then there exists ~3 E K such that a ~_ F(~, x) ~ [3, for each x • K. 
PROOV. We shall complete the proof by showing that 
{y e D:~ < F(y,x) < [3} ¢ 0. 
xEK 
Since D is compact, by Condition (iv), the set {y • D a < F(y, x) < [3} is closed in D for each 
x • K. Therefore, by the finite intersection property, it suffices to show that 
~'~ {y • D: a < F(y,x)  < j3} ¢ O, 
xEA 
for each nonempty finite set A c K. 
For an arbitrary nonempty finite set A c K, we consider the set B -- co(A U D). Note that B 
is compact. (See [20, Chapter II, Theorem 15].) We first prove that 
N {Y e B:  ~ < F(y, x) < [3} # O. (2) 
~cEB 
For every x • B, let 
M(x) = {y E B :  a <_ G(x,y) < [3}. 
It follows from Conditions (i) and (iv) that 
cl(M(x)) c cl{y e B :a < F(y, x) < [3} = {y • B :  ~ < F(y, x) < [3}, 
for every x • B. Thus, assertion (2) will follow if 
r~ cl(M(x)) ¢ 0. 
xEB 
We prove assertion (3) by use of the Ky Fan Lemma as follows. 
(3) 
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From Condition (iii), we have ~ < G(x, x) <_ i9, for every x • K.  Thus, x • M(x) ,  for every 
x 6 B, and cl(M(x))  is a nonempty compact subset of B. Assertion (3) will follow from the Ky  
Fan Lemma if co(E) c UxeE M(x)  whenever E is a nonempty finite subset of B. 
Let E be a nonempty finite subset of B. Suppose on the contrary that  co(E) contains a point ~7 
which is not in UxeE M(x) .  Then 
G(x ,9)<c~ or G(x ,~7)>D,  for everyxeE .  
If G (x, ~) < c~ for all x • E,  then 
min maxG(x ,y )  < c~. 
y6co(E) x6E 
This contradicts Condition (iii). Similarly, we are led to a contradiction to Condition (iii) if 
G(x, ~) >/3,  for all x 6 E.  
We now assume that  there is a nonempty finite subset E of E with/~ # E such that  G(x, 9) < 
for x • /~,  and G(x, ~) > ~ for x • E\/~. This implies that  
min max G(x, y) < a and max rain G(xi, y) > ~, 
yeco(E) x~ ~eco(E) x~E\~ 
and contradicts Condition (ii). The proof of (3) is complete.  
Finally, we are going to prove that  NxeB cl(M(x)) C D. This completes the proof of the 
theorem since 
r ]  cl(M(x)) C A {Y 6 D:  c~ <_ F(y, x) <_ Z}. 
xEB z6A 
Suppose on the contrary that  AxeB cl(M(x)) contains a point ~ which is not in D. Thus, 
fl 6 K \D .  Since 
N c l (M(x) )c  N{Y  •B:a<F(y 'x )<- f l} '  
xEB xED 
by Condit ion (v), we have 9 6 K\M(xo) ,  where x0 e D is given in Condition (v)-(b). This is a 
contradiction, since M(xo) is disjoint form K\D and since 
~7 6 cl(M(xo)) c cl(D) = D. 
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